Massive MIMO have drawn considerable attention as they enable significant capacity and coverage improvement in wireless cellular network. However, pilot contamination is a great challenge in massive MIMO systems. Under this circumstance, cooperation and three-dimensional (3D) MIMO are emerging technologies to eliminate the pilot contamination and to enhance the performance relative to the traditional interference-limited implementations. Motivated by this, we investigate the achievable sum rate performance of MIMO systems in the uplink employing cooperative base station (BS) and 3D MIMO systems. In our model, we consider the effects of both large-scale and small-scale fading, as well as the spatial correlation and indoor-to-outdoor high-rise propagation environment. In particular, we investigate the cooperative communication model based on 3D MIMO and propose a closed-form lower bound on the sum rate. Utilizing this bound, we pursue a "large-system" analysis and provide the asymptotic expression when the number of antennas at the BS grows large, and when the numbers of antennas at transceiver grow large with a fixed ratio. We demonstrate that the lower bound is very tight and becomes exact in the massive MIMO system limits. Finally, under the sum rate maximization condition, we derive the optimal number of UTs to be served.
Introduction
Multiple-input multiple-output (MIMO) technology can provide a remarkable increase in data rate and reliability compared to the single-antenna system [1, 2] , without sacrificing extra bandwidth or transmit power. Recently, a novel network architecture referred to as massive MIMO or large-scale MIMO has been proposed with significant potential of both increasing the spectral efficiency and providing significant power saving [3, 4] . And it has a disruptive potential for the future 5G wireless communication [5] . However, deploying a huge number of antennas in either transmitters or receivers is a great challenge. Moreover, pilot contamination is branded as a fundamental limit for massive MIMO systems [6] . Therefore, three-dimensional (3D) MIMO [7] [8] [9] [10] and cooperation [11] [12] [13] [14] are introduced as the promising techniques in massive MIMO network to enhance the performance of cell-edge user terminals (TUs) and eliminate the pilot contamination.
Currently, most of researches on MIMO systems are based on traditional two-dimensional (2D) MIMO channel model, which only involves the horizontal dimension while ignoring the effect of tilt angle in the vertical dimension. However, antenna tilt angle has a large impact on the performance of cooperative communication system as shown in [15] . In this case, 3D MIMO is a promising technology to improve the throughput of the cell-edge UTs and the degree of fairness between the cell-edge UTs and cell-center UTs [16] . The basic idea of 3D MIMO is to serve UTs close to the base station (BS) with large tilt angles and to serve UTs at the cell boundary with smaller ones. Nevertheless, a disadvantage of 3D MIMO is the potential of intercell interference aggravation caused by the UTs close to the cell boundary [9] . To overcome this issue, cooperative techniques, such as BS cooperation, relaying, and UT conferencing are often considered as effective methods to cope with the intercell interference.
BS cooperation is often referred to as multicell processing in which the BSs jointly decode the message based on the received signals (also known as coordinated multipoint (CoMP)). The capacity enhancement due to the BS 2 International Journal of Antennas and Propagation cooperation has been extensively studied and has been shown to grow linearly with the number of BS receive antennas [17, 18] . However, the common characteristic of [17, 18] is that they consider the simplified assumption that the fading coefficients of the MIMO subchannels are completely uncorrelated. In [19, 20] , using tools of random matrix theory (RMT), the authors derive a deterministic approximation of uplink sum rate capacity with minimum mean-square error (MMSE) receiving. However, since the limit of the sum rate obtained therein is deterministic, the final expression does not enable further manipulations. More importantly, 3D MIMO and large-scale fading, as well as the correlation at the transmit side and indoor-to-outdoor (I2O) high-rise wireless propagation environments, are not taken into account.
In this paper, we focus on the cooperating BSs which are interconnected through ideal links (e.g., optical fiber or high speed cable) to a central processor (CP), which has perfect channel state information (CSI). In detail, we investigate the sum rate performance of the 3D massive MIMO systems over BS cooperation in composite fading channels considering the effect of spatial correlation at the transmit side and I2O wireless propagation environment. In this scenario, we assume that the cell-edge UTs are uniformly distributed in a building with several floors and cell-center UTs are uniformly distributed in other areas of the cell. We note that the spatial nonstationary property and the near-field effect are the main properties for the realistic massive MIMO channel model which are interesting topics for additional research [21, 22] . In this paper, the analysis of the effects of the two properties is not taken into account due to the space constraints, which is left to the future work. The contributions of this paper can be summarized as follows.
(1) A cellular 3D MIMO uplink channel model is introduced, accommodating I2O high-rise propagation environments, Rayleigh lognormal fading model, distance dependent loss, and Kronecker correlated antennas. (2) We derive a closed-form lower bound on the sum rate performance of the 3D MIMO ZF receivers. This bound does not involve complicated functions, and it can be computed fast and efficiently. (3) With the help of the proposed lower bound, we analyze the asymptotic lower bound for 3D massive MIMO system under the cases that the average and total powers are fixed, respectively. The proposed bound applies to any finite number of antennas and remains relatively tight across the entire SNR and tilt angle ranges. (4) Exploiting the results of (2), we also give a closedform approximated solution for the number of UTs, , which maximizes the sum rate under a fixed receive antenna number.
The rest of this paper is organized as follows. Section 2 outlines the multicell processing of uplink 3D MIMO fading channel models. In Section 3, we provide a novel analytical lower bound on the sum rate performance of 3D MIMO system in which the BSs exploit variable elevation, while Section 4 details about the sum rate and the asymptotic analysis for 3D massive MIMO. The analysis of the UT number which optimizes the performance of the sum rate is also investigated. We present some numerical results and the corresponding analysis in Section 5 before we conclude the paper in Section 6.
Systems Model

MIMO Channel Fading Model.
In the following, we consider cells with BS cooperation in the uplink of 3D MIMO cellular network. Each cell is partitioned into 3 sectors with UTs served within the coverage of each sector. Each BS corresponding to one sector is equipped with receive antennas, while each UT has transmit antennas ( ≥ ). Let and represent the number of UTs which are uniformly located in the cell-edge located floor building and in other cell-center area, respectively, where satisfies = + . A schematic illustration of the cellular system under consideration is depicted in Figure 1 . Assuming that the channel state information (CSI) is unknown at the transmitters but known at all receivers to perform the zeroforcing (ZF) detecting, then the available average power, , is identical amongst all UTs. Under the conditions of flat fading, the received signal at the th cell is given by
where x is the vector of the transmitted signal by the th UT of the th cell = 1, . . . , , = 1, . . . , , = 1, . . . , , k is a × random matrix representing the corresponding small scale fading channel matrix, and the entries of the matrix are modeled as independent identically distributed (i.i.d.) complex Gaussian random variables (RVs) with zero mean and unit variance, while R is a × positive definite covariance matrix. The vector z represents the additive white Gaussian noise (AWGN) with zero mean, [z z ] = 0 I. Note that the small scale fading correlation occurs only between the antennas of the same UT since the UTs are, in general, geographically separated. The coefficient is the 3D antenna gain between the th BS and the th UT in the th cell. The path loss includes the I2O and outdoor path loss models which are calculated according to the simplified 3GPP standard model in [23] and the modified path loss model in [19] due to small distance between the BS and UTs, respectively,
where (all " -values" in meter) is the distance between the th receiver and the th UT of the th cell while is the International Journal of Antennas and Propagation path-loss exponent.
tw and in are the wall penetration loss and the indoor propagation loss, respectively, whose values are determined by [23] . The lognormal fading model is the well-known shadowing model which is a prevalent model in the characterization of the shadowing fading MIMO channels in various environments [24] [25] [26] . In this case, the probability density function (PDF) of the shadowing fading coefficients is given by
where = 10/ ln 10 = 4.3429, (dB), and (dB) are the mean and the standard deviation of 10log 10 ( ), respectively.
Note that all UTs are classified into two categories: (i) celledge UTs, of which the index value is smaller than or equal to , are distributed in the building and (ii) cell-center UTs, of which the index value is larger than and smaller than or equal to , are located distributing in the other area of the cell.
3D MIMO Model.
The radiation pattern for the 3D antenna elements of the BS array follows the model proposed by 3GPP in [23] . The 3GPP antenna pattern is a simple model which can accurately predict the signal propagation [27] . In this paper, we use the typical 3D radiation pattern (all " -values" in decibel) as illustrated in Figure 2 . In the following, we give the antenna gains for all UTs. The horizontal radiation pattern is given as
and the vertical radiation pattern is given by
where is the azimuth angle between the th UT in the th cell and the horizontal main lobe of the th BS array radiation boresight, −180 ∘ ≤ ≤ 180 ∘ ; (orn) is the fixed orientation angle of the th BS array radiation boresight; 3 dB is the horizontal half-power beam-width (HPBW);
is the azimuth front-to-back ratio attenuation;
is the elevation angle between the th UT in the th cell and the elevation main lobe of the th BS array radiation boresight; and are the electrical tilt angle and the mechanical tilt angle of the th BS which are both positive when tilting below the horizontal plane; 3 dB is the vertical HPBW; SLA V is the side lobe attenuation. The composite 3D antenna pattern is obtained as
Further, we can obtain the composite antenna pattern in numerical value as follows:
It is noteworthy that adjusting antenna mechanical tilt angle requires a site visiting, which makes the adjustment process more expensive and time consuming. Therefore, all works in this paper assume a fixed mechanical tilt angle and only the electrical tilt angular variation is investigated.
Cellular Uplink Model.
Under the condition of BS cooperation, the aforementioned model in Section 2.1 can be more compactly expressed as a vector memory-less channel with the form according to [19] 
where
representing the received signal vector by the antennas of the th BS.
×1 and x representing the transmit signal vectors by the th UT of the th cell. The AWGN noise
The channel matrix G ∈ C × models the smallscale and large-scale fading, which can be given as follows:
where H ∈ C × denotes the small-scale fading. The small-scale is assumed to follow a complex zero-mean Gaussian distribution with correlation between each row. Hence, we have
where the matrix V ∈ C × is the standard complex Gaussian matrix with the entries of zero-mean and unit variance while the matrix R is the transmit positive-define correlated covariance matrix. Here ⊕ represents the direct sum of matrices.
The elements of the diagonal matrix Ω denote the largescale fading coefficients which can be expressed by
where for (a), twin = tw in when 1 ≤ ≤ and twin = 1 when < ≤ , the coefficients in (b)̃t win ,
,̃represent path loss (outdoor path loss, I2O path loss), lognormal shadowing fading, and antenna radiation pattern, respectively. (b) is diagonal matrix of block diagonal matrix (a). These parameters can be determined by the formulas of (2), (3), and (7).
We hereafter investigate the sum rate performance of the 3D MIMO ZF receivers under BS cooperation. Under this consideration, we assume that BSs have perfect CSI which can be obtained by channel reciprocity in TDD and feedback in FDD. The processing of the ZF receiving is formulized as
From (8) and (12), the instantaneous receive SNR at the th output is similar to [28] 
where = / 0 is defined as the UT transmit power normalized by the receiver noise power. Hence, the achievable sum rate is achieved as
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The expectation is taken over all channel realizations of H, Ω and the channel is assumed to be ergodic. It is worth mentioning that the sum rate sum is contributed by two components of UTs: (i) cell-edge UTs and (ii) cell-center UTs.
Clearly, the main challenge in analytically evaluating (14) is to determine the closed-form expression for the PDF of SNR in the case of Rayleigh lognormal (RLN) semicorrelated fading channel. To the best of authors' knowledge, the PDF of RLN is not in closed form and the approximation computations involve cumbersome functions. In order to bypass this problem, we exploit the accurate knowledge of the statistic of SNR to derive a novel tractable lower bound on the sum rate of 3D MIMO ZF receivers, which enables us to pursue a statistical characterization of the massive MIMO systems.
The main interesting point of this paper is to optimize sum with respect to some parameters, for example, the number of BS antennas, the number of UTs, the number of UT antennas, the location of the building, and orientation of antennas. To achieve this, we assume that the statistical information such as user location (coordinates) and channel statistics information are available at the BSs. This assumption is reasonable in an environment with low or moderate mobility, so long pilot sequence can be afforded and the UT coordinates can be easily obtained in the future systems, where the UTs are equipped with global positioning systems (GPS).
Closed Form Bounds on the Sum Rate
In the following, we derive a novel closed-form lower bound on the sum rate of 3D MIMO system under ZF receivers based on the result of [24] . For the convenience of exposition, the 3D MIMO correlation matrix W ≜ H H will be extensively used in this paper. We begin the derivation with the following theorem which introduces a novel lower bound for RLN 3D MIMO channels for cell-edge UTs and cell-center UTs. [29, equation (8. 360.1) ].
Theorem 1. The lower bound of the achievable sum rate performance of ZF receivers overcorrelated RLN 3D MIMO channels is given as follows:
Proof. Starting from (13) and (14), we obtain
where from formula (16) to (17) we have used the equivalence transformation = exp(ln( )) and the following key matrix property [30] :
where H corresponds to H with the th column removed. By using Jensen's inequality, (17) is lower bounded by
Exploiting the determinant property of square matrices det(AB) = det(A) det(B), we can get
and a similar manipulation for [log 2 (det(H H ))]. 
For shadowing fading, we use the fundamental property of a lognormal RV
[ln ] = .
By substituting (11) , (20), (21) , and (22) into (19), we can obtain (15) after noting that
Here ⊗ denotes the Kronecker product, and after some simple simplifications, we conclude the proof.
International Journal of Antennas and Propagation
Corollary 2. For the uncorrelated RLN fading (R = I ), the sum rate of 3D MIMO ZF receivers is bounded by
Proof. By substituting R = I into (15), we can easily conclude the proof.
It is easily seen that the sum rate monotonically grows with the mean of the lognormal shadowing, the antenna gain of both horizontal and vertical antenna radiation, and the number of BS antennas. However larger transceiver distance reduces the sum rate due to the increased path loss. Finally, we can observe that increasing the number of UTs or UT antennas do not always improve the system performance.
Asymptotic and Optimal UTs Analysis of 3D MIMO Systems
In this section, we investigate two issues: (i) the asymptotic sum rate for large transceiver antennas and (ii) the optimal number of UTs to achieve maximized sum rate.
Asymptotic Analysis.
By deploying large antenna arrays on BS, we can save the transceiver powers both UTs and BSs when the number of antennas grows large, while maintaining a given desired quality of service (QoS). In the following, we derive the asymptotic achievable sum rates for 3D massive MIMO system.
(1) Fixed , , , , and → ∞. Intuitively, when the number of BS antennas grows into infinity whilst keeping , , , and fixed, the 3D MIMO system captures more spatial diversity and array gains without bound.
Corollary 3. For 3D MIMO fading channels, the number of receive antennas tends to be unlimited with keeping a fixed , , , and . The lower bound approaches
Proof. The proof follows by taking large in (15) with the asymptotic property of the digamma function [24] 
and substituting (26) into (15), we can obtain
For → ∞, we can further re-express (27) as follows:
After some algebraic simplifications, we can conclude the proof.
The above corollary reveals that, when the number of receive antennas grows into infinity, the effects of smallscale fading and noise disappear. Furthermore, we can see that the asymptotic sum rate grows logarithmically with without bound and decreases with transceiver distances and the correlation of UTs. This is consistent with [31] .
(2) Fixed , , = /( ), and → ∞. This is an interesting asymptotic scenario that the number of BS antennas is large but may not be much greater than the number of UT antennas . Note that this scenario consists of two separate cases: (a) fixed and → ∞ and (b) fixed and → ∞. In case (a), it is a simple case that the bound scales linearly with the transmit antenna . Besides, deploying a large number of antennas in the UTs is unrealistic. Therefore, we only take the case (b) into account.
Corollary 4. For the 3D MIMO channels, as the numbers of BS and UT antennas grow to infinity with a fixed ratio = /( ) > 1, the lower bound converges to
Proof. The proof follows, by substituting (26) into (15), that the lower bound sum admits the following simplification:
Substituting = /( ) into (30), we can further rewrite the
and some simple simplifications; we can complete the proof.
Clearly, the asymptotic lower bound increases linearly with the number of UTs, , and logarithmically with and while decreases with the distance and the correlation of UTs. The result above also indicates that the bound is achievable under the case > 1. According to the law of large number, the bound can be further simplified which is an important topic for further work, though we do not pursue in this paper.
(3) Fixed , , and → ∞. Let = / , where is fixed. In this scenario, we also consider two separate cases: (a) fixed and (b) , → ∞ and = /( ). For case (a), we have the following corollary.
Corollary 5. For the 3D MIMO channels, as the number of receive antennas increases infinitely with , , , and being fixed, the lower bound is bounded by
Proof. Substituting (26) and = / into (15), we have the following expression:
For the case of ≫ , the lower bound (33) can be further simplified as
We conclude the proof. 
Proof. The proof is similar to Corollary 4 with = /( ).
The Corollaries 5 and 6 reveal that, through using a very large antenna array at the receiver, the transmit power of each UT can be cut proportionally to 1/ for maintaining a desired QoS. The similar result was originally proposed in [32] . Besides, we can see that when tends to infinity, the two asymptotic results are identical with the results of Corollaries 3 and 4. For Corollary 6, we can observe that the sum rate tends to a deterministic constant when grows large.
Optimal Number of UTs.
In this section, the optimal number of UTs to maximize the system performance is investigated. From the former discussion, when the number of the BS antennas → ∞, the effect of Rayleigh fading can be perfectly canceled by 3D MIMO ZF receivers, but the effects of shadowing fading, path-loss, and antenna gain will remain. An optimal number of users ∘ exist because serving more users creates more interference which in turn reduces the sum rate of the users. At some point the sum rate will decrease because of the additional interference caused by extra UTs.
For simplicity, we consider a simple scenario that UTs are uniformly distributed on a circle of radius building , centered by the BSs, and that̃t win = ,̃= ,̃= ,̃= ,̃= , and = 1, . . . , . The optimal UT number is defined as the number of UTs which maximizes the approximate sum rate for a fixed received antenna number.
Consider the problem of finding the optimal number of UTs ∘ maximizing the approximated sum rate for a fixed receive antenna
where ∘ denotes the optimal number of UTs.
To solve this problem, we begin with the following theorem which returns the approximated optimal solutions of (36).
Theorem 7. Under the condition of the assumptions above, the optimal number of UTs K
∘ for maximizing the sum rate is given by
where Δ = a exp( / )/(1 + ) , = (Δ − 1)/ , and ( ) is the Lambert -function defined as = ( ) ( ) .
Proof. For the assumptions above and Δ = 1, we can rewrite (36) as
By using (26) , the formula (38) can be expressed as
To maximize (39), we need to verify the concavity of the function with respect to . The second derivative of (39) is firstly given by
The inequality (40) reveals that the second derivative of the objective function is always negative. Therefore the objective function is concave with respect to the number of UTs . Thus, we can obtain the optimal UTs by letting the first derivative be zero:
For Δ ̸ = 1, after some simplifying, (36) can be further reexpressed as follows:
Using the similar method to the case of Δ = 1, we need to verify the concavity of the function with respect to . The second derivative of the (42) is given by
The objective function is concave with respect to due to the negative of the second derivative of the objective function.
International Journal of Antennas and Propagation 9 Differentiating (42) along and letting the first derivative be zero, after some algebraic manipulations, we can obtain
Denoting ( ) = ( (Δ − 1))/( (Δ − 1) + Δ ), and substituting ( ) into (44), the expression of (44) can be rewritten as
Noticing the definition of ( ) and solving for , after some manipulations, we complete the proof for Δ ̸ = 1. We can further conclude the whole proof.
As anticipated, the sum rate of 3D MIMO systems increases with the number of BS antennas. Also, we can conclude that the optimal number of UT does not always increase with the number of the transmit antennas. Therefore, we can achieve the maximum sum rate with the ZF receivers from the optimal solution of (37).
Simulation Results
In this section, we provide some numerical results to validate the accuracy of our analysis in a sectorized cell scenario. The multicell cellular system with cell cooperation is considered, as depicted in Figure 1 . Each cell has a BS with a height of ℎ BS while the height of UT is ℎ UT . The distance between the BS and the vertex of the cell is cell . The cell-edge UTs are located in a building with floors and the floor is simplified as a circle with radius building . As for the cell-center UTs, they are uniformly distributed in the other area of the cell. The storey height is ℎ floor . All azimuth angles are given with respect to the center of the building. Tilting angles are given with respect to the ground and a positive value means downward tilting. The values of the system parameters used in the simulations are listed in Table 1 . It is noteworthy that and are the number of BS antennas and UT in each sectorized cell.
We first investigate the tightness of the lower bound against the SNR in Figure 3 for different correlation coefficients ( = 0, 0.5, 0.8). In this paper, we consider exponential correlation model. The transmit correlation matrix is constructed as = diag {diag { } =1 } =1 where is the correlation matrix among the antennas of the th UT in the th cell. The entries of the correlation matrix are modeled via the common exponential correlation model
where | | < 1 is the single correlation coefficient and | ⋅ | denotes the absolute value. It has been shown that the exponential model has been successfully used for many communication systems under rich scattering condition. Clearly, the bound remains sufficiently tight across the entire SNR range for all correlation coefficients. At high UT edge-cell to center-cell ratio 1/3 Mechanical tilt angle 0 ∘ * 2D-in denotes the distance from the wall to the indoor UT, which is given in [23] .
SNRs, the sum rate and the bounds increase approximately linearly with the SNRs. Moreover, the effect of correlation on the sum rate performance can be neglected at low SNR. From Figure 3 , we also observe that when the correlation between antenna elements of the same UT increases, the sum rate decreases significantly.
The lower bound versus the BS tilt angle is shown in Figure 4 for three different correlation coefficients = 0, 0.5, and 0.8. It is shown that the sum rate increases with tilt International Journal of Antennas and Propagation angle before the optimal angle (about 21 ∘ ) and then decrease with the further increase. Besides, we can observe that, even for a small number of the receive antenna elements, the lower bound is sufficiently tight. The effects of correlation are also shown in Figure 4 . As expected, when the correlation coefficient grows, the sum rate and the lower bound decrease.
In the following, the sum rate performance of the 3D massive MIMO system against the number of receive antennas for fixed = 10 and = 10/ are given in Figures 5 and 6 . As expected, with = 10 dB, the sum rate and lower bound scale logarithmically with the number of receive antennas without bound for all correlation coefficients. However for = 10/ , the sum rate converges to a constant value when the number of receive antennas grows large. This is consistent with [31] . Finally, the optimal number of UTs ∘ is investigated. The sum rate in Figure 7 is a concave function as proved in (40) and (43). Thus there exists an optimal point of UT number that maximizes the sum rate. Figure 7 compares the optimal number of UT ∘ obtained in (37) and the by Monte Carlo simulation such that the sum rate is maximized.
From Figure 7 , we observe that the optimal number of the UT ∘ obtained in (37) and , ∈ {1, . . . , } obtained by Monte Carlo simulation are matched very well. In addition, it implies that the sum rate decreases instead of increasing with if the transmit power at the BS is not sufficiently large after serving a certain number (optimal number) of the UTs. The similar conclusion appears in [8] . Therefore, the study of the optimal UT number is of great practical significance.
Conclusion
This paper investigates the sum rate of the 3D massive MIMO system over BS cooperation and BS antenna tilt angle. More importantly, we derived a novel and simple closed form for the lower bound of the sum rate. Based on the lower bound, we analyzed in detail the promising technology of the massive MIMO systems. In parallel, we also investigate the impacts of large-scale (log-normal shadowing fading, 3D antenna gain, distance path-loss, and I2O propagation loss) and small-scale fading, as well as the spatial correlation at the transmit side considering the cell-edge UTs and cell-center UTs. Besides, an expression is derived to obtain the approximate optimal number of UTs that maximizes the sum rate. This result has an important significance for the optimum UT configuration in practice. Although this model is simple, it can lead to easily following the derivations and quite insightful results on the benefits of MU-MIMO in a 3D MIMO and massive MIMO situations.
